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Abstract
A simple generalized model (GM) for coated bubbles accounting for the effect of
compressibility of the liquid is presented. The GM was then coupled with nonlinear
ODEs that account for the thermal effects. Starting with mass and momentum
conservation equations for a bubbly liquid and using the GM, nonlinear pressure
dependent terms were derived for energy dissipation due to thermal damping (Td),
radiation damping (Rd) and dissipation due to the viscosity of liquid (Ld) and
coating (Cd). The dissipated energies were solved for uncoated and coated 2- 20
µm bubbles over a frequency range of 0.25fr − 2.5fr (fr is the bubble resonance)
and for various acoustic pressures (1kPa-300kPa). Thermal effects were examined for
air and C3F8 gas cores in each case. For uncoated bubbles with an air gas core and a
diameter larger than 4 µm, thermal damping is the strongest damping factor. When
pressure increases, the contributions of Rd grow faster and become the dominant
damping mechanism for pressure dependent resonance frequencies (e.g. fundamental
and super harmonic resonances). For coated bubbles, Cd is the strongest damping
mechanism. As pressure increases Rd contributes more to damping compared to
Ld and Td. In case of air bubbles, as pressure increases, the linear thermal model
largely deviates from the nonlinear model and accurate modeling requires inclusion
of the full thermal model. However, for coated C3F8 bubbles of diameter 1-8 µm,
typically used in medical ultrasound, thermal effects maybe neglected even at higher
pressures. We show that the scattering to damping ratio (STDR), a measure of the
effectiveness of the bubble as contrast agent, is pressure dependent and can be
maximized for specific frequency ranges and pressures.
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1 Introduction
Acoustically excited bubbles are oscillating gas or vapor cores that are found
in free (uncoated) or coated form (e.g. encapsulated by a lipid or polymer
shell). They form the core of several applications in liquids [1], and in soft
and palpable matter (e.g. tissue [1–3] or sediments[1,4,5]). When excited by a
sound field they can oscillate with amplitudes large enough to destroy most
materials [1, 6, 7]; enhance chemical reactions [8–10], and act as healing or di-
agnostic agents in medicine [11–13]. During these high amplitude oscillations,
temperatures reached in the gas core are high enough to turn the bubbles into
tiny light bulbs [9, 10, 14].
Dynamics of the acoustically excited bubbles are nonlinear and chaotic. These
dynamics have been the subject of numerous experimental [1, 15, 17–20] and
numerical [21–30] studies . Achieving the full potential of bubbles in appli-
cations and understanding their role in the associated phenomena not only
requires a detailed knowledge over their complex behavior but also on the ef-
fect of bubble oscillations on the propagation of acoustic waves.
Propagation properties of acoustic waves in bubbly media are considerably dif-
ferent from those in single-phase media (e.g. pure water) [31–36]. Derivation
of the correct wave properties are essential for the understanding and predict-
ing of bubble oscillations in different locations of the media and consequently
optimization of bubble related applications.
One of the characteristic properties of bubble oscillations in a medium is the
increased attenuation. Bubbles attenuate ultrasound through viscous damping
due to liquid (Ld) and coating (Cd) viscous effects, radiation damping (Rd)
and thermal damping (Td) [33–39]. The changes in attenuation of bubbly
media has significance in studies related to oceanography [4, 5] and acoustic
characterization of coated bubbles used as ultrasound contrast agents (UCAs)
[38–43]. Furthermore, knowledge of the nonlinear attenuation in the medium
will help in optimization of applications related to sonochemistry [35–37] and
medical ultrasound [11–13, 44, 45] by enhancing and controlling the acoustic
energy at the target.
The majority of the previous studies employed linear approximations [33, 38–
42] (limited to very small bubble oscillation amplitudes) to calculate the damp-
ing parameters during bubble oscillations. Thus, linear models neglect the
dependence of the dissipated energy on the local pressure [33–36] and are
not applicable to conditions under which bubbles are excited in most appli-
cations. To properly account for the pressure dependence of attenuation new
approaches are developed that only consider the pressure dependence of the
radiation damping while using linear terms for the rest of the damping factors
(thermal and viscous damping) [39]. However other damping factors are also
pressure dependent and linear approximations reduce the accuracy of model
predictions.
To account for the pressure dependence of all of the damping parameters,
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mass and momentum conservation equations were used by Louisnard [34] and
nonlinear energy terms for Td and Ld were derived for a bubbly liquid using
the Rayleigh-Plesset equation [46]. Jamshidi and Brenner [35] used Louisnards
approach [34] and the Keller-Miksis (KM) equation [47] to capture the nonlin-
ear damping term for re-radiated energy by bubbles (Rd). Louisnard [34] and
Jamshidis [35] study showed that damping from nonlinear oscillations of bub-
bles can be several orders of magnitude higher than the damping estimated
by linear models.
We have shown in [36], that the derived terms in [35] are incorrect as they
can lead to non-physical values for Rd; moreover, predictions of their model
were not consistent with the results of radiation damping due to re-radiated
pressure (Sd) by bubbles [36]. We have corrected the nonlinear damping terms
in [36] and predictions of Rd were in excellent agreement with Sd. We have
shown that as pressure increases, Rd grows faster than other damping factors
and there exist frequency and pressure domains in which Rd is stronger than
other damping parameters.
Despite the importance of nonlinear thermal losses when it comes to model-
ing the bubble oscillations, most studies simplify the role of thermal losses
on bubble behavior by using models that are derived based on linear approx-
imations [4, 5, 33–36]. In addition, for coated bubbles, the role of radiation
damping is not completely captured as effects of the compressibility of the
liquid are often neglected or simplified [38, 48]. It is shown in [35–37] that
radiation damping is pressure dependent and can be a major contributor to
the total damping and should not be neglected. A more complete estimation
of the wave attenuation in bubbly media must incorporate the effects of ther-
mal and radiation damping on bubble oscillations and the total dissipated
power [34–37].
In this work we present a generalized model (GM) for the oscillations of coated
bubbles. Compressibility effects (similar to the KM model [47]) are added to
the Church-Hoff model [38]. We can call this model the KMCH model. KMCH
is then coupled with the ordinary differential equations (ODEs) [49] that take
into account the thermal effects. In case of uncoated bubbles, to capture the
thermal and radiation effects on the oscillations, the Keller-Miksis (KM) model
is also coupled with thermal ODEs [49]. Using the equations for conservation
of mass and momentum in bubbly liquids and applying the KMCH model, our
proposed approach in [36] was applied to derive all the damping terms Rd, Cd,
Td and Ld for the oscillations of a coated bubble.
The total dissipated power by bubble oscillations was then studied as a func-
tion of frequency for various excitation pressures. In each case (free uncoated
and coated bubbles) three models were considered; these models were solved
for an a) air and b) C3F8 gas core that are generally used in UCAs. In the
3 models, the first model neglects the thermal effects, the second model in-
cludes the thermal effects using linear approximations by introducing an ar-
tificial thermal viscosity [50] and the third model includes full thermal ef-
fects [49,51–53] (full thermal model). The second model has widely been used
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in studies related to oceanography [4, 5] or ultrasound contrast agent charac-
terization [38–42]). In this paper we call this the linear thermal model. The
third model includes full thermal effects [49, 51–53] (full thermal model) by
solving the ODEs related to thermal loss during the bubble oscillations.
Here we will show that for uncoated bubbles, thermal effects are very impor-
tant; at very low acoustic pressures (PA ≈ 1kPa) predictions of the linear
thermal model are in good agreement with the full thermal model. However,
as pressure increases predictions of the full thermal and linear thermal model
deviate for both gas cores; thus the full thermal model must be used for accu-
rate bubble modeling. In case of C3F8 coated bubbles, however, thermal effects
are masked by large dissipation due to the bubble coating and are negligible.
Even at high pressures (e.g. 100 kPa), predictions of the linear thermal, full
thermal and non-thermal model are in good agreement. However, for coated
bubbles with air, thermal effects are important and the full thermal model
must be used for accurate prediction of bubble behavior at higher pressures
and at frequencies and pressures in which subharmonic (SH) oscillations are
generated.
For both cases (uncoated and coated bubble) and for both gas types, mecha-
nisms of energy dissipation were studied as a function of frequency and pres-
sure. We show that increasing the excitation pressure leads to a faster growth
in Rd compared to other damping mechanisms; thus, optimum frequency and
pressure ranges exist in which scattering (STDR) to total damping ratio is
maximized.
2 Methods
2.1 Coated bubble model
The dynamics of a coated bubble oscillator can be modeled using the Church-
Hoff model [38]:
ρ
[
RR¨ +
3
2
R˙2
]
=(
Pg −
4µLR˙
R
−
12µshǫR
2
0R˙
R4
− 12GsǫR
2
0
(
1
R3
−
R0
R4
)
− P0 − P
) (1)
Where ρ is the density of the medium, R is the radius at time t, R˙ is the
bubble wall velocity, R¨ is the bubble wall acceleration, R0 is the initial radius
of the bubble, µ and µsh are the viscosity of the liquid and shell (coating)
respectively, ǫ is the thickness of the coating, Gs is the shell shear modulus, Pg
is the gas pressure inside the bubble, P0 is the atmospheric pressure (101.325
kPa) and P is the acoustic pressure given by P = Pasin(2πft) with Pa and
4
f are respectively the excitation pressure and frequency. Church-Hoff model
(Eq. 1) does not incorporate the effects of the compressibility of the medium.
Similar to the KM model [47] we added the effects of the compressibility of
the medium to the first order of Mach number. The generalized model (GM)
can be called Keller-Miksis-Church-Hoff (KMCH) model and is written as:
ρ
[(
1−
R˙
c
)
RR¨ +
3
2
R˙2
(
1−
R˙
3c
)]
=
(
1 +
R˙
c
+
R
c
d
dt
)(
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R
−
12µshǫR
2
0R˙
R4
− 12GsǫR
2
0
(
1
R3
−
R0
R4
)
− P0 − P
)
(2)
Here c is the sound speed in the liquid. In this paper for all of the simulations
related to coated bubbles Gs=45 MPa and µsh =
1.49(R0(µm)−0.86)
θ(nm)
[54] (sh
stands for shell (coating)) with θ = 4nm.
2.2 Uncoated Bubble model
The dynamics of the bubble model including the compressibility effects to
the first order of Mach number can be modeled using Keller-Miksis (KM)
equation [47]:
ρ
[(
1−
R˙
c
)
RR¨ +
3
2
R˙
(
1−
R
3c
)]
=
(
1 +
R˙
c
)
(G) +
R
c
d
dt
(G) (3)
where G = Pg −
4µLR˙
R
−
2σ
R
− P0 − PAsin(2πft).
In this equation, R is radius at time t, R0 is the initial bubble radius, R˙ is the
wall velocity of the bubble, R¨ is the wall acceleration, ρ is the liquid density
(998 kg
m3
), c is the sound speed (1481 m/s), Pg is the gas pressure, σ is the
surface tension (0.0725 N
m
), µ is the liquid viscosity (0.001 Pa.s), and PA and f
are the amplitude and frequency of the applied acoustic pressure. The values
in the parentheses are for pure water at 2930K. In this paper the gas inside
the bubble is either air or C3F8 and water is the host media. Depending on
the which model is used for the simulation of the thermal effects Pg will be a
function that will be defined in the next 3 subsections.
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Thermal parameters of the gases at 1 atm
Gas type L ( W
m0K
) Cp
kJ
kg0C
Cv
kJ
kg0C
ρg
kg
m3
Air [55] 0.01165+C*T 2 1.0049 0.7187 1.025
C3F8 [56] 0.012728 0.79 0.7407 8.17
Table 1
Thermal properties of the gases used in simulations.2 C=5.528 ∗ 1025 W
m0K2
.
2.3 Non-thermal model
If the terms related to thermal damping are neglected, Pg in Eq. 2 and 3 can
be written in the form of:
Pg = Pg0 × (
R0
R
)3γ (4)
Where γ is the polytropic exponent and is given by Cp
Cv
. According to Church-
Hoff Model [38] for a coated bubble Pg0 = P0 where P0 is the atmospheric
pressure. For uncoated bubble as given by Keller-Miksis equation [47]. Pg0 =
P0 −
2σ
R0
. In this work we have neglected the small effect of vapor pressure.
2.4 Full thermal effects
If thermal effects are considered, Pg is given by Eq. 5 [49–53]:
Pg =
NgKT
4
3
πR(t)3 −NgB
(5)
Where Ng is the total number of the gas molecules, K is the Boltzman constant
and B is the molecular co-volume. The average temperature inside the gas can
be calculated using Eq. 6 [49]:
T˙ =
4πR(t)2
Cv
(
L (T0 − T )
Lth
− R˙Pg
)
(6)
Where Cv is the specific heat at constant volume, T0=293
0K is the initial gas
temperature, Lth is the thickness of the thermal boundary layer. Lth is given
by Lth = min(
√
aR(t)
| ˙R(t)|
,
R(t)
pi
) where a is the thermal diffusivity of the gas which
can be calculated using a = L
Cpρg
where L is the gas thermal conductivity and
Cp is specific heat at constant pressure and ρg is the gas density.
Predictions of the full thermal model have been shown to be in good agree-
ment with predictions of the models that incorporate the thermal effects using
the PDEs [51]. To calculate the radial oscillations of the coated bubble and
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uncoated bubble while including the full thermal effects Eqs. 2 (coated bub-
ble) or Eq. 3 (uncoated bubble) are to calculate the radial oscillations of the
coated bubble and uncoated bubble while including the full thermal effects
Eqs. 2 and Eq. 3 are respectively coupled with Eq. 5 and then solved using
the ode45 solver of Matlab.
2.5 Linear thermal model
The linear thermal model [33,50] is a popular model that has been widely used
in studies related to oceanography [4, 5] and the modeling and charecteriza-
tion of coated bubble oscillations [38–42]. In this model through linearization
thermal damping is approximated by adding an artificial viscosity term to the
liquid viscosity. Furthermore, a variable isoentropic index is used instead of
the polytropic exponent of the gas.
In this model Pg is given by:
Pg = Pg0
(
R0
R
)3k
(7)
Where the polytropic exponent γ is replaced by isoentropic indice (k):
k =
1
3
ℜ(φ) (8)
liquid viscosity is artificially increased by adding a thermal viscosity (µth) to
the liquid viscosity. This thermal viscosity (µth) is given by:
µth =
Pg0ℑ(φ)
ω
(9)
In the above equations the complex term φ is calculated from
φ =
3γ
1− 3 (γ − 1) iχ
[(
i
χ
) 1
2
coth
(
i
χ
) 1
2
− 1
] (10)
where γ is the polytropic exponent and χ = D
ωR2
0
represents the thermal diffu-
sion length where D is the thermal diffusivity of the gas. D = L
γCpρg
where Cp,
ρg, and L are specific heat in constant pressure, density and thermal conduc-
tivity of the gas inside the bubble.
To calculate the radial oscillations of the coated bubble and uncoated bubble
while including the linear thermal effects Eqs. 2 and Eq. 3 are respectively
coupled with Eq. 7 and liquid viscosity is increased by µth.
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2.6 Derivation of the nonlinear terms of dissipation for GM
van Wijngaardan [32] and Caflish et al. [31] presented the mass and momentum
conservation equations for a bubbly liquid as:
1
ρc2
∂P
∂t
+∇.v =
∂β
∂t
(11)
and
ρ
∂v
∂t
= −∇P (12)
where c is the sound speed, ρ is the density of the medium, v(r, t) is the velocity
field, P (r, t) is acoustic pressure, β = 4
3
NπR(t)3 is the void fraction where N
is number of bubbles per unit volume, and R(t) is the radius of the bubble
at time t. These two equations can be re-written into an equation of energy
conservation, by multiplying (1) by P and (2) by v:
∂
∂t
(
1
2
P 2
ρc2
+
1
2
ρv2
)
= NP
∂V
∂t
(13)
Multiplying Eq.2 by N ∂V
∂t
results in:
ρN
(
RR¨ +
3
2
R˙2
)
∂V
∂t
− ρN
R˙
c
(
RR¨ +
1
2
R˙2
)
∂V
∂t
= N
(
Pg +
R˙
c
Pg +
R
c
dPg
dt
)
∂V
∂t
−N
(
4µLR˙
R
+
R˙
c
4µLR˙
R
+
R
c
d
dt
(
4µLR˙
R
))
∂V
∂t
−N
(
12µshǫR
2
0
R˙
R4
+
R˙
c
12µshǫR
2
0
R˙
R4
+
R
c
d
dt
(
12µshǫR
2
0
R˙
R4
))
∂V
∂t
−N
(
12GsǫR
2
0
(
1
R3
−
R0
R4
)
+
R˙
c
12GsǫR
2
0
(
1
R3
−
R0
R4
)
+
R
c
d
dt
(
12GsǫR
2
0
(
1
R3
−
R0
R4
)))
∂V
∂t
−N
(
P +
R˙
c
P +
R
c
dP
dt
)
(14)
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if we add Eq.13 and Eq.14:
ρN
(
RR¨ +
3
2
R˙2
)
∂V
∂t
− ρN
R˙
c
(
RR¨ +
1
2
R˙2
)
∂V
∂t
+
∂
∂t
(
1
2
P 2
ρc2
+
1
2
ρv2
)
= N
(
Pg +
R˙
c
Pg +
R
c
dPg
dt
)
∂V
∂t
−N
(
4µLR˙
R
+
R˙
c
4µLR˙
R
+
R
c
d
dt
(
4µLR˙
R
))
∂V
∂t
−N
(
12µshǫR
2
0
R˙
R4
+
R˙
c
12µshǫR
2
0
R˙
R4
+
R
c
d
dt
(
12µshǫR
2
0
R˙
R4
))
∂V
∂t
−N
(
12GsǫR
2
0
(
1
R3
−
R0
R4
)
+
R˙
c
12GsǫR
2
0
(
1
R3
−
R0
R4
)
+
R
c
d
dt
(
12GsǫR
2
0
(
1
R3
−
R0
R4
)))
∂V
∂t
−N
(
R˙
c
P +
R
c
dP
dt
)
(15)
The mass of the liquid around the bubble can be calculated as
Ml =
1
2
∫ ∞
R
ρ4πr2dr (16)
Keller-Miksis type models are derived by assuming that the flow of the liquid
[47] around the bubble is non-rotational ~∇× v = 0. This assumption leads to
definition of the velocity potential ϕ, which is given by:
v =
∂ϕ
∂r
(17)
Furthermore the kinetic energy of the liquid around the bubble can be written
as [35]:
Kl =
1
2
∫ ∞
R
ρ
(
∂ϕ
∂r
)2
4πr2dr = 2πρR3R˙2 (18)
inserting Kl in to Eq. 15:
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∂∂t
(
1
2
P 2
ρc2
+
1
2
ρv2
)
+N
((
1−
R˙
c
)
∂Kl
∂t
+
ρR˙3
c
∂V
∂t
)
+∇.(Pv)
= N
(
Pg +
R˙
c
Pg +
R
c
dPg
dt
)
∂V
∂t
−N
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4µLR˙
R
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+
R
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dt
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R
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12µshǫR
2
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R4
+
R˙
c
12µshǫR
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0
R˙
R4
+
R
c
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2
0
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R4
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∂t
−N
(
12GsǫR
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(
1
R3
−
R0
R4
)
+
R˙
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(
1
R3
−
R0
R4
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R
c
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(
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−
R0
R4
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∂V
∂t
−N
(
R˙
c
P +
R
c
dP
dt
)
(19)
Eq.19 can be re-arranged as:
∂
∂t
(
1
2
P 2
ρc2
+
1
2
ρv2 +NKl
)
+∇.(Pv) =
N (Pg)
∂V
∂t
−N
(
4µLR˙
R
)
∂V
∂t
−N
(
12µshεR
2
0
R˙
R4
)
∂V
∂t
−N
(
12GsεR
2
0
(
1
R3
−
R0
R4
))
∂V
∂t
−N
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R˙
c
P +
R
c
P˙ −
ρR˙3
c
−
R˙
c
Pg −
R
c
P˙g +
R˙
c
4µLR˙
R
+
R
c
(
4µLR¨
R
−
4µLR˙
2
R2
)
+
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12µshεR
2
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+
R
c
12µshεR
2
0
(
R¨
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−
4R˙2
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2
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(
1
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−
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+
R
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2
0
(
−3R˙
R4
+
4R0R˙
R5
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∂V
∂t
−
R˙
c
∂Kl
∂t
)
(20)
We then can simplify Eq. 20 as
∂
∂t
(
1
2
P 2
ρc2
+
1
2
ρv2
)
+∇.(Pv) = −N (πThermal + πLiquid + πShell + πGs + πRadiation)
(21)
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where


πThermal = −Pg
∂V
∂t
πLiquid =
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R
)
∂V
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2
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))
∂V
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R
c
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ρR˙3
c
−
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c
Pg −
R
c
P˙g +
R˙
c
4µLR˙
R
+
R
c
(
4µLR¨
R
−
4µLR˙
2
R2
)
+
R˙
c
12µshεR
2
0
R˙
R4
+
R
c
12µshεR
2
0
(
R¨
R4
−
4R˙2
R5
)
R˙
c
12GsεR
2
0
(
1
R3
−
R0
R4
)
+
R
c
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2
0
(
−3R˙
R4
+
4R0R˙
R5
)]
∂V
∂t
−
R˙
c
∂Kl
∂t
)
(22)
where time dependent πThermal, πLiquid, πcoating and πRadiation describe damping
due to thermal, liquid viscosity, coating viscosity and re-radiation. The term
πGs can be referred to as the damping due to the stiffness of the coating.
As you will see further, when averaged over full driving acoustic cycles this
damping term always return zero.
Averaging Eq. 21 over a time period T yields:
1
T
∫ T
0
∂
∂t
(
1
2
P 2
ρc2
+
1
2
ρv2
)
dt+∇. < Pv >= −N (Td+ Ld+ Cd+Gd+Rd)
(23)
Where Td,Ld,Cd,Rd and Gd are the dissipated power due to thermal, Liquid
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viscosity , coating viscosity, re-radiation and stiffness of the coating.


Td =
−4π
T
∫ T
0
R2R˙Pgdt
Ld =
16πµL
T
∫ T
0
RR˙2dt
Cd =
48πµshεR
2
0
T
∫ T
0
R˙2
R2
dt
Gd =
48πGsεR
2
0
T
∫ T
0
(
R˙
R
−
R0R˙
R2
)
dt
Rd =
1
T
∫ T
0
(
4π
[
R2R˙2
c
(P − Pg) +
R3R˙
c
(
P˙ − P˙g
)
+
4µLR
2R˙R¨
c
+12µshεR0
2
(
R˙R¨
cR
−
3R˙3
cR2
)
+ 12GsεR0
2
(
−2R˙2
cR
+
3R0R˙
2
cR2
)]
−
ρR2R˙4
2c
−
ρR3R˙2R¨
c
)
dt
(24)
In case of using the model with no thermal damping effects Td=0 and in case
of incorporating the linear thermal effects Td = 16piµth
T
∫ T
0
(
RR˙2
)
dt
2.7 Nonlinear terms of dissipation for the KM model (the uncoated bubble)
Using the same approach as above we have derived the dissipation terms for
an uncoated bubble as follows [36]:


Td =
−1
T
∫ T
0
(Pg)
∂V
∂t
dt
Ld =
16πµL
T
∫ T
0
(
RR˙2
)
dt
Rd =
1
T
∫ T
0
[
4π
c
(
R2R˙
(
R˙P +RP˙ −
1
2
ρR˙3 − ρRR˙R¨
))
−
(
R˙
c
Pg +
R
c
P˙g
)
∂V
∂t
+
16πµLR
2R˙R¨
c
]
dt
(25)
In case of using the model with no thermal damping effects Td=0 and in
case of incorporating the linear thermal effects Td = 16piµth
T
∫ T
0
(
RR˙2
)
dt All
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the dissipated powers were calculated for the last 20 cycles of pulses with
200 cycles length. Simulations were carried out in Matlab using ODE45. The
minimum time size for integration in each simulation was 10
−5
f
where f is the
excitation frequency.
2.8 Acoustic power due to scattered pressure by bubbles
Radiation damping is due to the re-radiated (scattered) energy by the bubble.
The acoustic energy scattered by an oscillating bubble can be calculated using
[57, 58]:
Wsc =
4πr2
ρc
P 2sc (26)
where Psc is the pressure scattered (re-radiated) by the oscillating bubble
[57, 58]:
Psc = ρ
R
r
(
RR¨ + 2R˙2
)
(27)
here r is the distance from the bubble center. Using Eq.15 and Eq.16 we can
write:
Wsc =
4πρ
c
R2
(
RR¨ + 2R˙2
)2
(28)
The dissipated power due to radiation should have the same value of the
acoustic scattered power by the bubble. Equation 28 was used to validate the
predictions of the Rd in Eq. 25 in [36]. In this work, We used Eq. 28 to validate
the predictions of the Rd in Eq. 24.
3 Results
3.1 Total dissipated power by uncoated bubbles
In order to get a better understanding on the effect of thermal dissipation on
the uncoated bubble oscillations, Fig. 1 presents the total dissipated power
as a function of frequency for different excitation pressures. The bubble have
R0 = 2µm and the dissipated power is calculated by coupling the KM model
with the Full Thermal (FTM) (Eqs. 5-6), linear Thermal (LTM) (Eqs. 7-10)
and Non-Thermal model (NTM) (Eq. 4). The left column is for an air gas
core and right column represents the C3F8 gas core. At Pa = 1KPa (Figs
1a-b), predictions of FTM and LTM are in good agreement ; however, the
NTM over estimates the dissipated power and also over estimates the reso-
nance frequency. The resonance energy curves are wider when thermal effects
are present which is due to the increased damping. Furthermore, due to lower
13
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Fig. 1. Total dissipated power as predicted by the non-thermal, linear thermal, and
full thermal model as a function of frequency for a free bubble with R0= 2 µ m at
various pressures (left column is for Air gas core and right column is for C3F8 gas
core).
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Fig. 2. Total dissipated power as predicted by the non-thermal, linear thermal, and
full thermal model as a function of frequency for a coated bubble with R0= 2 µ m
at various pressures (left column is a free Air bubble and right column is a C3F8
coated (left column is for air gas core and right column is for C3F8 gas core)).
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thermal damping in the case of a C3F8 gas core, the resonance energy curves
in Fig. 1b are narrower compared to Fig. 1a.
Nonlinear effects increase with increasing pressure and at Pa = 30kPa (Figs 2c-
d) predictions of the FTM and LTM start deviating. We also observe a 2nd su-
perharmonic (SuH) resonance peak below resonance frequency. At Pa = 60kPa
(Figs. 2e-f) nonlinear effects result in further disagreement between the FTM
and the LTM. Morever, the damping predicted by LTM and FTM are ≈ 30%
higher than the predictions of the NTM models. At higher pressure the total
dissipated power grows at resonance and the 2nd SuH resonance while both
resonance frequencies decrease in magnitude; this is a phenomenon known as
pressure dependent (PD) resonance [24]. We also observe the generation of a
third peak below 2nd SuH resonance which indicates the 3rd SuH resonance
frequency. NTM underestimates the total dissipated power by about 250 % at
the main resonance. NTM predicts the correct value for the resonance frequen-
cies of the bubble with C3F8 gas core; however, it over-predicts the resonance
frequencies of the air bubble.
At Pa = 100kPa predictions of the FTM for the total dissipated power deviate
by up to 20 % from those made by the LTM model. However, for all pressures,
the FTM and the LTM predict the same resonance frequencies. The NTM
underestimates the total dissipated power and over-predicts the resonance fre-
quencies.
We see here that for pressures above 1 kPa and for air and C3F8 uncoated
bubbles FTM must be applied for more accurate predictions of the dissipated
powers and bubble oscillations. In case of gases with higher thermal damping
like Ar usage of the FTM becomes more important as thermal effects become
even more significant.
3.2 Total dissipated power by coated bubbles
Figure 2 shows the total dissipated power as a function of frequency and
gas core composition for a coated bubble with R0 = 2µm, Gs=45 MPa and
µsh =
1.49(R0(µm)−0.86)
θ(nm)
with θ = 4nm. The right column represents an air gas
core and the left column illustrates the dissipated power for a C3F8 gas core.
When Pa = 1kPa (Fig 2a-b) and with air as the gas core, the NTM over
estimates the value of the resonance frequency while the FTM and LTM pre-
dict the same resonance frequency. However, the LTM slightly under-predicts
(≈ 6% at resonance peak) the dissipated power. In case of a C3F8 gas core, the
NTM, FTM and LTM predict the same value for resonance frequency and to-
tal dissipated power. The total dissipated power increases with an increase in
the excitation pressure (Fig. 2c-h), and the main resonance frequency shifting
to lower frequencies. In case of an air gas core, the LTM slightly underesti-
mates the total dissipated power at resonance; however, the LTM and FTM
16
predict the same value for the dissipated power at other frequencies (Fig. 2).
For the studied pressures in Fig.2 (1-100 kPa) even when 2nd order SuH oc-
curs, predictions of the LTM and FTM are in good agreement. This is because
unlike the uncoated bubble where the thermal damping is the major contrib-
utor to the total dissipated power, in case of coated bubble thermal effects
are largely masked by the strong dissipation due to Cd. In case of a C3F8 gas
core, predictions of the NTM, FTM and LTM are in excellent agreement at all
excitation pressures examined. This is because C3F8 has smaller Td compared
to air, therefore Td is masked by the strong Cd. For the characterization of
UCAs that enclose gases like C3F8 (coated bubbles with R0 < 4µm), thermal
effects can fully be neglected. For larger bubbles, Td increases as the surface
area for Td increases; however, UCA sizes are limited to bubbles smaller than
8 µm [12]. Fig. 1 however shows that FTM is the appropriate model for more
accurate prediction of the behavior of uncoated bubbles.
3.3 Mechanisms of damping in uncoated bubbles at different pressure ampli-
tudes and sizes
3.3.1 The uncoated bubble with R0 = 10µm
In this section we investigate the dependence of Td, Ld, and Rd on pressure,
frequency, bubble size and gas core composition. Fig. 3 shows Td, Rd, Ld
and resonance frequency (Rmax
R0
) of an uncoated bubble with R0 = 10µm as a
function of frequency for different pressure amplitudes. The right column plots
the data for an air bubble and the left column plots the data for the C3F8
gas core. All of the calculations are performed using the FTM. When the gas
core is air (Fig. 3a), Td is the major energy dissipation factor for frequencies
below 2fr. These results are consistent with analytical predictions [50] where
Td>Ld>Rd. For a C3F8 gas core (Fig. 3b) , Ld is the dominant damping factor
at 0.5fr < f < 1.4fr below which Td becomes dominant and above which Rd
becomes dominant. The width of the curve is considerably narrower due to
weaker damping effects; for the bubble with R0 = 10µm thermal damping for
the air gas core is very high and leads to widening of the curve. Due to smaller
damping effects (Fig. 3b), the bubble is able to grow larger Rmax
R0
and achieve
higher wall velocities, thus energy dissipation due to Ld becomes significant
at resonance.
Figs. 3c-d show the case of Pa=40 kPa. For the air gas core bubbles (Fig.
3c) there is a shift of the resonance frequency to lower values as well as the
generation of 2nd and 3rd SuH resonance. Td is still the major damping factor
for f < 2fr; however, Rd has grown faster compared to Ld at resonance and
is now stronger than Ld at pressure dependent resonance (PDfr) and higher
frequencies. This may increase the scattering to damping ratio (STDR); a
17
0.5 1 1.5 2 2.5
f/f
r
10-22
10-21
10-20
10-19
10-18
10-17
Po
w
er
 [W
]
1
1.005
1.01
1.015
R
m
ax
/R
0
Free Air bubble, R0=10 m, P
a
=1kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-22
10-20
10-18
Po
w
er
 [W
]
1
1.02
1.04
1.06
1.08
R
m
ax
/R
0
Free C3F8 bubble, R0=10 m, P
a
=1kPa
Td
Rd
Ld
R
max
/R0
(a) (b)
0.5 1 1.5 2 2.5
f/f
r
10-19
10-18
10-17
10-16
10-15
10-14
Po
w
er
 [W
]
1
1.2
1.4
1.6
1.8
2
2.2
2.4
R
m
ax
/R
0
Free Air bubble, R0=10 m, P
a
=40kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-20
10-18
10-16
10-14
Po
w
er
 [W
]
1
1.5
2
2.5
R
m
ax
/R
0
Free C3F8 bubble, R0=10 m, P
a
=40kPa
Td
Rd
Ld
R
max
/R0
(c) (d)
0.5 1 1.5 2 2.5
f/f
r
10-18
10-17
10-16
10-15
10-14
10-13
Po
w
er
 [W
]
1
1.2
1.4
1.6
1.8
2
2.2
2.4
2.6
R
m
ax
/R
0
Free Air bubble, R0=10 m, P
a
=80kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-20
10-18
10-16
10-14
10-12
Po
w
er
 [W
]
1
1.2
1.4
1.6
1.8
2
2.2
2.4
2.6
R
m
ax
/R
0
Free C3F8 bubble, R0=10 m, P
a
=80kPa
Td
Rd
Ld
R
max
/R0
(e) (f)
0.5 1 1.5 2 2.5
f/f
r
10-18
10-17
10-16
10-15
10-14
10-13
Po
w
er
 [W
]
1
1.5
2
2.5
3
3.5
R
m
ax
/R
0
Free Air bubble, R0=10 m, P
a
=100kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-20
10-18
10-16
10-14
10-12
Po
w
er
 [W
]
1
1.5
2
2.5
3
R
m
ax
/R
0
Free C3F8 bubble, R0=10 m, P
a
=100kPa
Td
Rd
Ld
R
max
/R0
(g) (h)
Fig. 3. Dissipated power due to Td, Ld and Rd as predicted by the full thermal
model as a function of frequency for a free bubble with R0= 10 µ m at various
pressures (left column is a free Air bubble and right column is a C3F8 coated).
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parameter that we would like to maximize in imaging applications. For bubble
with C3F8 gas core (Fig. 3d), we witness the generation of sub-harmonic (SH)
resonance peak at ≈ 2fr. The SH peak occurs at lower pressures for C3F8
due to weaker damping compared to air. Rd is the major damping factor at
PDfr and 2nd SuH resonance and Rd and Ld are comparable at 2fr and 3rd
SuH resonance. Due to a weaker Td (an order of magnitude smaller compared
to Fig. 3c) in case of the C3F8 bubble (Fig. 3d) amplitude of the bubble
oscillations are higher at the resonances. Application of C3F8 as the gas core
can potentially increase STDR in bigger bubbles by suppressing the effect of
Td.
For air bubble, when Pa=80 kPa Rd dominates damping at frequencies below
PDfr (Fig. 3e). This shows that compared to Ld and Td, Rd grows at a faster
rate with Pa. Thus contrary to predictions of the linear models, we can find
a pressure and frequency region in which Rd is higher than Td and Ld and
thus the STDR is optimized. For C3F8 (Fig. 3f) and at Pa=80 kPa Rd is the
strongest contributor to the dissipated power at the frequencies studied. At
this pressure we also witness the generation of 3
2
and 5
2
UH resonance (e.g. the
peak between PDfr and 2nd SuH) with Rd as the strongest damping factor.
For Pa=110 kPa, Fig. 3g shows that SH resonance peak appears at f =≈
2fr. Rd becomes the major damping factor at frequencies below fr; however,
due to the fact that Rmax
R0
have exceeded 2 the bubble can not sustain long
lasting stable oscillations and will undergo destruction [24,59]. We observe the
same phenomenon in the C3F8 gas core bubbles (Fig. 3h) with Rd being the
strongest damping mechanism. In case of the C3F8, Rd>Ld>Td and in case
of Air gas core, Rd>Td>Ld.
3.3.2 The uncoated bubble with R0 = 2µm
Fig. 4 shows the dissipated power due to Td, Ld and Rd in the oscillations
of a 2 µm bubble. The left column represents an air bubble and the right col-
umn represents the C3F8 bubble. Fig. 4a shows that at Pa = 1kPa, Td and
Ld are the major mechanisms of energy dissipation in the bubble oscillations.
Because the bubble is smaller than the previous case (see Fig. 3a where Td is
an order of magnitude greater than Ld), Td and Ld have equal contributions
to damping. Fig. 4b represents the C3F8 bubble. Due to further weakening of
the thermal effects, Ld is an order of magnitude higher than Td.
Increasing Pa to 40 kPa leads to the generation of 2nd and 3rd SuH resonance
frequencies and the decrease in the fundamental resonance (PDfr) (Fig 4c-d).
Due to a weaker Td in the case of the C3F8 bubble (Fig. 4d), the amplitude of
the bubble oscillations are higher at the resonances. For the air bubble Td and
Ld are the major dissipation mechanisms for f < 2fr. For C3F8 Ld > Rd > Td
for frequencies of and above the 2ndSuH ; this suggests that the STDR can
be higher for the C3F8 bubble.
For Pa=100 kPa and for an air bubble (Fig. 4e) Td becomes less significant at
19
0.5 1 1.5 2 2.5
f/f
r
10-25
10-24
10-23
10-22
10-21
Po
w
er
 [W
]
1
1.002
1.004
1.006
1.008
1.01
1.012
1.014
R
m
ax
/R
0
Free Air bubble, R0=2 m, P
a
=1kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-26
10-24
10-22
10-20
Po
w
er
 [W
]
1
1.005
1.01
1.015
1.02
R
m
ax
/R
0
Free C3F8 bubble, R0=2 m, P
a
=1kPa
Td
Rd
Ld
R
max
/R0
(a) (b)
0.5 1 1.5 2 2.5
f/f
r
10-21
10-20
10-19
10-18
10-17
Po
w
er
 [W
]
1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
R
m
ax
/R
0
Free Air bubble, R0=2 m, P
a
=60kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-22
10-20
10-18
10-16
Po
w
er
 [W
]
1
1.2
1.4
1.6
1.8
2
2.2
2.4
R
m
ax
/R
0
Free C3F8 bubble, R0=2 m, P
a
=60kPa
Td
Rd
Ld
R
max
/R0
(c) (d)
0.5 1 1.5 2 2.5
f/f
r
10-20
10-19
10-18
10-17
Po
w
er
 [W
]
1
1.5
2
2.5
R
m
ax
/R
0
Free Air bubble, R0=2 m, P
a
=100kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-22
10-20
10-18
10-16
Po
w
er
 [W
]
1
1.2
1.4
1.6
1.8
2
2.2
2.4
2.6
R
m
ax
/R
0
Free C3F8 bubble, R0=2 m, P
a
=100kPa
Td
Rd
Ld
R
max
/R0
(e) (f)
0.5 1 1.5 2 2.5
f/f
r
10-20
10-19
10-18
10-17
10-16
10-15
Po
w
er
 [W
]
1
1.5
2
2.5
3
3.5
R
m
ax
/R
0
Free Air bubble, R0=2 m, P
a
=150kPa
Td
Rd
Ld
R
max
/R0
0.5 1 1.5 2 2.5
f/f
r
10-22
10-20
10-18
10-16
Po
w
er
 [W
]
1
1.5
2
2.5
3
3.5
R
m
ax
/R
0
Free C3F8 bubble, R0=2 m, P
a
=150kPa
Td
Rd
Ld
R
max
/R0
(g) (h)
Fig. 4. Dissipated power due to Td, Ld and Rd as predicted by the full thermal
model as a function of frequency for a free bubble with R0= 2 µ m at various
pressures (left column is a free air bubble and right column is a C3F8 coated).
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f=PDfr; with Ld > Rd > Td. This implies a higher STDR at this frequency
and pressure. For f=2nd SuH and f=3rd SuH we witness a fast growth of Rd
however still Ld > Td > Rd. These results indicate that as pressure increases
Rd grows faster than Ld and Td. In case of C3F8 (Fig. 4f) bubble we see
the generation of SH resonance at f ≈ 2fr and Ld > Sd ≫ Td. Because of
a higher Rd, when the gas core is C3F8, a higher STDR may be expected.
Further increasing the pressure to 150 kPa leads to the generation of SH res-
onance peak at f ≈ 2fr (Fig. 4g) for the air bubble. The later appearance of
the SH peak is due to the higher Td in the air bubble. For an air bubble at
Pa=100 kPa, Rd > Ld > Td at PDfr , 2ndSuH and 3rdSuH and
3
2
UH reso-
nances. However, for frequencies above fr TD and Ld are the major damping
factors. Results of Figs. 3 and 4 suggest a relationship between Rmax
R0
and the
order of damping factors for the air bubble. With an increase in the incident
pressure, Rd grows faster than other damping factors; at Rmax
R0
≈ 2, Rd be-
comes stronger than the other damping factors. These results suggest that for
case of air bubbles, in order to increase the STDR one needs to sufficiently
increase the pressure; however we should also consider the lower threshold of
bubble destruction which is Rmax
R0
> 2. At Pa=100 kPa and in case of C3F8
bubble (Fig. 4h), Rd > Ld > Td for the studied frequency range. Also we see
a stronger SH oscillations compared to the air bubble.
3.3.3 The coated (encapsulated) bubble with R0 = 4µm
Fig. 5 plots the dissipated power due to the damping from coating (Cd), Td,
Rd and Ld for a coated bubble with R0=4 µm ,Gs=45 MPa, θ=9 nm and
µsh =
1.49(R0(µm)−0.86)
θ(nm)
. This was chosen as it is the upper limit of the coated
bubbles that can be used in biomedical ultrasound and thus has the highest
Td. The right column represents the air gas core and the left column repre-
sents the C3F8 gas core. When Pa=1 kPa and for the air as the filling gas (Fig.
5a) the damping due to Cd is the major damping factor Cd > Td > ld > Rd
at the main resonance and frequencies below. For frequencies above 1.5fr Rd
contributes more to damping with Rd≈Cd at f = 2.5fr. At f ≈ fr, Cd is 3
times stronger than Td and Ld. For the bubble enclosing a C3F8 core (Fig.
5b) Cd is the major dissipation factor with Cd > Ld > Rd > Td; Cd is ≈ 3.8
larger than Ld and 40 times larger than Td. Thus use of C3F8 as the gas core
significantly reduces the Td at resonance.
For the coated bubble enclosing an air core at Pa = 80kPa (Fig. 5c), we see
the generation of 2nd and 3rd SuH resonances and a large shift of the main
resonance to PDfr at f = 0.79fr. Cd is the major damping factor (≈ 4.5
times larger than Ld) with Ld ≈ Rd ≈ Td. At frequencies below resonance
Cd > Td > Ld > Rd and at frequencies above 1.5fr Rd > Ld ≈ Td. For
the bubble enclosing a C3F8 gas core (Fig. 5d) the shift in main resonance
is more significant due to less thermal damping effects (PDfr = 0.76fr) and
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Cd > (Ld ≈ Rd) > Td. Here Cd is 64 times stronger than Td at the PDfr.
Fig. 5 displays the case of sonication with Pa= 160 kPa. For the Air bubble
(Fig. 5e) Cd > Rd > Ld > Td at frequencies near and below PDfr. When
the growth rate of the dissipation factors are compared in Fig. 5, we see that
Rd grows the fastest with pressure increase and Td has the slowest growth
rate. As pressure increases Rd grows faster and eventually becomes the second
major dissipation factor while the initially strong Td lags behind the rest of
the damping factors. Due to the high bubble oscillation amplitude Rmax
R0
> 2
the bubble may not sustain stable non-destructive oscillations for f < fr at
160 kPa. At this pressure and at fr < f < 1.5fr Ld=Td=Rd. For the C3F8
bubble, due to the smaller damping from thermal effects we can see the gener-
ation of SH resonance peak at f ≈ 2f (Fig. 5f). For the frequency range that
is studied here, Cd > Rd ≈ Ld. Cd is ≈ 100 times and 600 times stronger
than Td, respectively at PDfr and PDfsh (pressure dependent SH resonance
at ≈ 1.86fr).
At Pa =240 kPa the SH resonance peak is seen for the coated air bubble (Fig.
5g). The bubble oscillation amplitude has exceeded the threshold of destruc-
tion Rmax
R0
> 2 for f < fr. At f=PDfsh (1.67fr at Pa=240 kPa) Cd > Rd >
Td ≈ Ld. Cd is about 46 times stronger than Td. For the coated bubble en-
closing C3F8 (Fig. 5h) thermal effects are much weaker at PDfsh ( 1.62fr at
Pa=240 kPa) with Cd > Rd > Ld > Td and Cd is about 72 times stronger
than Td. For frequencies below fr, the bubble can not sustain stability at this
pressure.
3.3.4 The coated (encapsulated) bubble with R0 = 1µm
Fig. 6 shows the power dissipated due to Cd, Ld, Rd and Td for a coated
bubble with R0 = 1µm, Gs=45 MPa, θ=4 nm and µsh =
1.49(R0(µm)−0.86)
θ(nm)
. The
right column represents the air gas core bubble and the left column repre-
sents the C3F8 gas core bubble. Compared to Fig. 5, Td is further suppressed
as the smaller bubble has smaller surface area for temperature exchange. At
Pa = 1kPa (Fig. 6a-b), we see a similar behavior for the Air and C3F8 gas core.
Rmax
R0
, Cd, Ld and Rd are similar for both cases;this is because the bubble with
R0 = 1µm Td is negligible and change of gas doesn’t make a big difference in
the oscillation amplitudes or the dissipated powers. Cd > Ld > Rd > Td with
Cd ≈ 20 and 62 times larger than Td for the air and C3F8 bubble respectively.
Increasing the pressure to 100 kPa (Fig. 6c-d) results in the generation of 2nd
SuH frequency with Cd > Ld > Rd > Td for 0.2fr < f < 1.5fr. At higher
frequencies (f > 2fr) Rd becomes the strongest damping factor.
When Pa=200 kPa a shift in the fundamental frequency occurs (f=fr at 1kPa)
to PDfr (0.756fr and 0.76fr for air (Fig. 6e) and C3F8 (Fig. 6f) bubbles,
respectively). Furthermore, a 3rd SuH resonance also appears below the 2nd
SuH resonance frequency. For f < 1.5fr Cd > Ld > Rd > Td with Rd becom-
ing the major damping factor at f > 2fr. At this pressure Cd is 22.5 and 100
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model as a function of frequency for a coated bubble with R0= 4 µ m at various
pressures (left column is a free Air bubble and right column is a C3F8 coated).
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Fig. 6. Dissipated power due to Cd, Td, Ld and Rd as predicted by the full thermal
model as a function of frequency for a coated bubble with R0= 1 µ m at various
pressures (left column is a free Air bubble and right column is a C3F8 coated).
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times larger than Td for Air and C3F8 respectively.
Increasing the pressure to 300 kPa (Figs 6g-h) leads to a higher
Rmax
R0
at 3rd
SuH, 2nd SuH and PDfr and a decrease in the value of the resonances of
the system. For example at 300 kPa PDfr is ≈ 0.65fr and 0.66fr respec-
tively for air and C3F8. For f < 1.5fr, Cd is the major damping factor
with Cd > Ld > Rd > Td. As the pressure increases, Rd grows faster and
approaches Ld and will eventually have a greater contribution to the total
damping compared to Ld. Td on the other hand has the slowest growth with
Pa increase at the main resonance. At Pa =300 kPa unlike at the lower pres-
sures, the highest dissipation occurs at 2nd SuH resonance and not at the
main resonance.
3.3.5 Scattering to damping ratio (STDR)
Bubble scattered pressure (Psc) can be measured in real time alongside with
attenuation. Psc is dependent on R(t), ˙R(t) and ¨R(t); thus there is a direct
relation between the enhanced bubble activity and increased Psc. Power loss
due to radiation (Psc) can be calculated using Eq. 25 or 27 and is related to the
scattered pressure measured in real time in applications. Total damping can be
calculated using equations 25 and 27 and attenuation which is directly related
to damping [34, 35, 37] can be calculated using the total damping [34, 35, 37].
Attenuation can also be measured in real time during applications. The scat-
tering to damping ratio ( Rd
Wtotal
whereWtotal is the total dissipated power due to
bubble oscillations) can be defined as a dimensionless parameter that can be
used to assess the ratio of the energy re-radiated by the bubble as a fraction of
the total attenuation. For example in applications like bubble enhanced heat-
ing in high intensity focused ultrasound (HIFU), the presence of the pre-focal
bubbles can limit the energy that can reach the bubbles in the target region;
moreover, additionally enhanced activity of bubbles distributed pre-focally can
lead to undesirable heating in healthy tissue. A successful treatment will limit
the bubble activity and attenuation in the pre-focal region while maximizing
activity at the target for enhanced heating. In this instance, the STDR can
be a good parameter to asses and optimize the sonication parameters.
We have presented the nonlinear energy loss formulas in the previous sections
and showed that dissipation due to Cd, Ld, Rd and Td are pressure dependent.
We showed that as pressure increases, Rd can grow faster than other damp- ing
factors and can become the dominant factor to total damping. This increased
STDR would benefit applications in which greater scattering is desired. In
this section we investigate the pressure dependence of STDR and present the
regions for which STDR can be enhanced.
Fig. 7a shows the STDR of an air uncoated bubble with R0 = 2µm as a func-
tion of frequency at various pressures. At 1 kPa, the STDR diagram doesn’t
show any distinct peak; STDR grows as a function of frequency. At higher fre-
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Fig. 7. Scattering to damping ratio (STDR) as a function of frequency at various
excitation pressures. Top row is for an uncoated bubble with R0 = 2µm and bottom
row is for a coated bubble with R0 = 4µm. (left column is a free Air bubble and
right column is a C3F8 coated ).
quencies the bubble oscillations are very weak; thus Ld and Td are negligible
compared to active scattering by Rd. This is because even for weak bubble
oscillations, the bubble re-radiates and scatters sound waves. However, the
very weak oscillation leads to near zero wall velocities thus Ld becomes very
small. Similarly, due to the near zero temperature elevation inside bubble, Td
becomes very small as well. Thus, the STDR is higher at higher frequencies
and lower excitation pressures. An increase in pressure leads to increase in the
STDR. The STDR is very high at PDfr [24] (e.g. 0.4 at 100 kPa). As pressure
increases, the STDR at SuH resonance frequencies and PDfr increases. This
is due the faster growth of Rd as incident pressure increases when compared to
other damping factors. At 150 kPa and concomitant with the generation of 1
2
SH resonance [60] the peak STDR decreases. This is because when the bubble
oscillation amplitude increases, Ld and Td become significant, decreasing the
STDR. We have shown the same effect for the case of sonication with pressure
dependent SH resonance [61] when 1
3
[62, 63] order SH resonance occurs [36].
For the investigated bubble when f > 1.5fr, the STDR does not change as
pressure increases, unless SH oscillations appear (in which case STDR decrease
by pressure increase).
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Fig 7b shows the STDR of a C3F8 uncoated bubble with R0 = 2µm as a func-
tion of frequency at various pressures. The evolution of STDR with pressure
is similar to that of the air bubble; however, SH oscillations occur at lower
pressures than the Air gas core due to smaller effects of Td. Furthermore, the
STDRs at PDfr and SuH resonances are stronger than those for the air bub-
ble due to weaker contributions from Td. Thus, for uncoated bubbles one may
get larger STDRs if a gas like C3F8 is used.
Fig 7c shows the STDR as a function of frequency of a coated air bubble with
R0 = 4µm. The evolution of the STDR with pressure increase is very similar
to the uncoated bubble; however, the STDR is considerably reduced compared
to the uncoated counterpart. This is because of the increased damping due to
coating friction. In Figs.5 and 6 we showed that Cd is the major damping fac-
tor for the coated bubble. This is similar to the bubble with a C3F8 gas core
(Fig. 7d). The values of STDR are very close to the ones of the air gas core
for f < 1.5fr. This is because Cd is the major contributor to total damping
and changes in Td do not affect the Wtotal significantly. At higher frequencies
however, the C3F8 bubble exhibit SH oscillations at a lower pressure.
4 Discussion
Bubbles are the building blocks of several applications from material science
and sonochemsitry [6–10] to oceanography [4,5] and medicine [11–13]. Dynam-
ics of bubbles are nonlinear and complex [15, 17–20] and to achieve their full
potential in applications we need to have detailed understanding about the
bubble response to exposure parameters of the acoustic field. The presence
of bubble however, changes the acoustic properties of the medium [31–37].
Changes in the acoustic properties are nonlinear and is a function of bub-
bles size, excitation frequency and pressure [34–37]. Because of the changes
in the acoustic properties of the medium (e.g. increased pressure dependent
attenuation [34, 37, 43, 45]), knowledge of just the nonlinear bubble behavior
is not enough to control and optimize applications. One must have sufficient
knowledge on the relationship between the nonlinear bubble oscillations and
changes in the acoustic properties of the medium. For example, increased
attenuation from bubbles in the beam path can limit the energy that the
bubbles at the target are exposed to [34,45] and decrease the efficacy of sono-
chemical applications [34, 35, 37], drug delivery [65] and enhanced heating in
HIFU [44]. Increased attenuation of bubbles can also create shielding of the
post-focal tissue and bubbles in contrast enhanced diagnostic ultrasound and
deteriorate the ultrasound images [65,66]. In bubble characterization applica-
tions like oceanography studies [4,5] or characterization of ultrasound contrast
agents [38–43] pressure dependent changes in the attenuation are of significant
importance and should be understood in detail.
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In this study we present a simple model for coated bubbles that accounts
for the compressibility effects up to the first order of Mach number. The
model is called CHKM model as it is a hybrid of Church-Hoff model [38] and
Keller-Miksis (KM) model [47]. The goal of incorporating the compressibility
effects was to investigate the dissipation of acoustic energy due to re-radiation
(Rd) effects [35–37]. Rd is a important pressure dependent dissipation mech-
anism [35–37]; however, it is simplified [48] or fully neglected [38] in models
that are used to study the coated bubbles behavior. To model the oscillations
of coated bubbles and uncoated bubbles CHKM and KM models were recep-
tively solved; in each case three forms were considered for the gas pressure
inside the bubble. First, CHKM was coupled to nonlinear ordinary differential
equations (ODEs) that model the thermal behavior of gas bubbles [49,51–53].
Second, thermal effects were incorporated using linear approximations that
include the thermal effects [33,53]. The linear thermal model has been widely
used in studies related to coated bubble characterization and characterization
of bubbles in oceanography [4, 5, 39, 40]. Third, thermal effects were fully ne-
glected.
Using our previous approach [36]; we derived the nonlinear terms for dissi-
pation of energy from thermal effects (Td), viscosity of coating (Cd), liquid
viscosity (Ld) and damping due to re-radiation (backscatered pressure Psc) by
bubbles.
In order to investigate the effect of thermal damping on bubble oscillations
and choose the proper model for bubble oscillations, the total dissipated acous-
tic energy was modeled using the three models described above for both free
and coated bubbles of different sizes. For each bubble size energy curves were
displayed as a function of frequency at various pressures and for two gas cores
of Air and C3F8.
Results showed that in case of uncoated bubbles thermal effects are significant
and cannot be neglected. Furthermore, linear approximations are only valid for
small excitation pressures (e.g. 1 kPa). For higher pressures (e.g. > 10 kPa)
predictions of the linear thermal model and the full thermal model deviate
and full thermal model should be used to model bubble oscillations. For the
moderate pressures used in this study predictions of the full thermal model in
ODE form have been shown to be in good agreement with the thermal model
employing the full partial differential equations (PDES) [51]. Thus studies
related to bubble characterization in oceanography [4, 5] and free bubble os-
cillations [33–37] would benefit from considering the full ODEs describing the
thermal effects.
In case of coated bubbles with Air gas core full thermal model is a more pre-
cise model to study the bubble behavior at higher pressures. Because of very
high damping due to Cd and Ld, damping effects due to Td (for Air gas core)
were negligible at frequencies < 1.5fr even at higher pressures. This was the
case even for the largest possible coated bubble that can be used in medical
ultrasound (R0 = 4µm) although for larger bubbles Cd and Ld are smaller and
Td is higher. For frequencies > 1.5fr and for pressure and frequency ranges
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where SH oscillations occur (e.g. [60, 61]), Td becomes important and should
be incorporated. In case of C3F8 gas core, and for the pressure and frequency
ranges that are used here, thermal effects can fully be neglected. The pres-
sure ranges studied here (1kPa-100 kPa) are often used to characterize the
shell parameters of coated bubbles in medical ultrasound. The previous stud-
ies [39,67,68]; considered an artificial viscosity term and added it to the liquid
viscosity to consider the thermal effects in the bubble oscillations. The viscos-
ity is usually twice that of the water viscosity [39,67,68]. Here , we show that
such approximation leads to considerable overestimation of the Td especially
in case of C3F8 or C4F10 bubbles. Thus fitted values for the viscosity of coat-
ing [39, 67, 68] and pressure threshold of SH oscillations may be inaccurate.
In the second part of the study we investigated the dependence of Cd, Ld,
Rd and Td as a function of frequency and at different pressures. We showed
that the dissipated energy depends on size, frequency and pressure. In case of
uncoated bubbles Td is very important for the larger Air bubbles (e.g. 10µm);
however at higher pressures Rd can exceed Td. For C3F8 uncoated large bub-
bles Td is only the major damping factor for f < fr and lower pressures (e.g.
Pa < 10kPa). Rd is the major damping factor at f > 1.5fr and for all the
pressures studied here. For the uncoated C3F8 large bubble (e.g. 10µm) Rd
becomes the major damping factor for f < fr (e.g. PDfr and super harmonic
resonance (SuHfr)) as pressure increases (Pa > 40kPa). For smaller uncoated
Air and C3F8 bubbles (R0 < 2µm) Td is not anymore the major damping fac-
tor. Rd, Ld and Td grow as pressure increases; Rd exhibits the fastest growth
rate and Td the slowest. At higher pressures (e.g. Pa > 100kPa) Rd and Ld
become an order of magnitude higher than Td (for the studied frequency range
here 0.25fr < f < 2.5fr).
For coated bubbles Cd is the major damping factor for the pressure and fre-
quency range that was studied here except for f > 2fr for the coated bubble
with R0 = 1µm where Rd is the most significant dissipation mechanism. Sim-
ilar to the uncoated bubble, Rd grows faster than other damping factors with
pressure increases while Td has the slowest growth rate. Because of the very
strong effect of Cd on the damping, Td has less significant effect on the dissi-
pation in case of the coated bubbles. Dissipation effects of Td become weaker
for smaller bubbles and when the gas core is C3F8.
We showed that scattering to damping ratio (STDR) is pressure dependent;
STDR grows with pressure at pressure dependent resonance frequencies (PDfr
[24]) and at super harmonic resonances of the system (SuHfr [23]). STDR is
generally higher at f > fr. For the studied bubbles and frequency and pres-
sure ranges here, elevation in excitation pressure does not change the value of
STDR for f > 1.5fr only until the occurrence of SH resonance which leads to
a decrease in STDR. For the stable non-destructive bubble oscillations Rmax
R0
,
STDR is higher than PDfr and SuHfr even when SH oscillations occur.
Coated bubbles are used as ultrasound contrast agents (UCAs) in ultrasound
imaging [11–13,40,45,65–68] where higher scattering and small attenuation are
desired. The scattering defines the ability of UCA to enhance the echogenicity
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of the target. However, the presence of bubbles increases the damping of the
acoustic energy in the beam path and reduces the energy available for the
bubbles to be activated at the focal point. Thus higher scattering ability of
UCAs and lower total damping is desired. In this regard STDR expresses the
ability of the UCA to enhance the visualization of the tissue containing the
UCAs and the underlying tissues [45,65]. In therapeutic applications like drug
delivery shear stress resulted from micro-streaming due to bubble oscillations
are used to increase the drug delivery to cells in the target [64]. In drug de-
livery higher wall velocities and higher Psc are desired. Compared to imaging
applications, in therapeutic applications higher concentration of bubbles are
used to achieve desirable effects [64]; thus damping effects are more signifi-
cant [13, 44]. Higher STDR and Psc are good indicators of a faster bubble
wall velocity and lower total damping. In High Intensity Focused Ultrasound
the re-radiated energy by bubbles is used to enhance the heating in the tar-
get area [44]; re-radiated pressure often have strong higher harmonics content
which have higher absorption rate in tissue [44]. This results in localized effi-
cient enhanced heating [44]. In these applications as well, higher Psc and lower
energy damping due to pre-focal bubble oscillations are desired. Same conclu-
sions can be made to active bubbles in sonochemistry and other applications.
Decreasing the pre-focal power dissipation becomes more important in treat-
ment of locations where delivery of energy is more difficult (e.g. presence of
pre-focal bone in blood brain barrier opening [69, 70]).
In this study we provided the fundamental equations and approaches that can
be used to analyze the energy dissipation for coated and uncoated bubbles.
It should however be noted that STDR by itself is not a sufficient indicator
for efficient bubble application. We have shown here and in [36] that STDR is
higher at frequencies above fr, however, at higher frequencies bubbles are only
active when pressure exceeds a threshold (e.g. above the pressure threshold of
P3 or P4 oscillations [62,63,71–73]). Thus, depending on the application [36],
STDR must be used in tandem with Psc or Rd to determine the regions of
higher bubble activity and lower total damping. In this regard, we have intro-
duced two parameters of PmSTDR and RdSTDR in [36] that can be used to
design the exposure parameters for a desired outcome.
5 Summary and conclusion
Despite the importance of radiation effects, majority of the models for coated
bubble oscillations neglect or simplify radiation effects. Moreover, thermal
effects are often approximated using linear models or are fully neglected. Ad-
ditionally, pressure dependent dissipation effects during bubble oscillations are
not fully understood. In this work we introduced a simple and comprehensive
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model for coated bubble oscillations. The model incorporates the compress-
ibility of the medium to the first order of Mach number. The equations for the
dissipation effects due to thermal damping, liquid viscous damping, coating vis-
cous damping and radiation damping are derived with no linear simplifications.
The dissipation mechanisms were then studied as a function of frequency and
at different excitation pressures for the first time. We showed that radiation
effects are important and can not be neglected. Radiation damping becomes
more important with pressure increase. Even at frequencies below resonance,
dissipation due to radiation can become the major dissipation mechanism with
pressure increase. This is in stark contradiction to the predictions of linear
models. For uncoated bubbles, thermal effects are very important and can not
be neglected. With pressure increase, predictions of the linear thermal model
loses accuracy and inclusion of the full thermal effects are recommended. In
case of coated bubbles that encapsulate gas cores similar to C3F8, thermal
effects are not important and can be neglected even at higher pressures. We
also showed that scattering to damping ratio is pressure dependent and there
exists frequency and pressure ranges in which STDR is higher. The basic equa-
tions provided here and the presented fundamental information can be used
to optimize the exposure parameters in applications and for more accurate
characterization of bubbly media and coated bubbles.
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